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Overly Ambitious Outline of Topics 
 
  
M&M Birth and Death and Immigration model 
           difference and differential equation model, equilibrium value, stability 
Ant Tunnel modeling 
Chemical kinetics  
Sublimation of carbon dioxide 
Torricelli’s Law modeling and video data collecting 
LSD compartment model 
Spring Mass (and Damper) System – Resonance and Frequency Response 
Tuned Mass Damper – they are everywhere 
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M&M Population Simulation with Immigration 
 
      Count out 50 M&M’s form your “source” 
(1) Put them in the cup. 
(2) Gently toss them onto the plate. 
(3) Remove those M&M’s with “m” facing up – they die. 
(4) From your “stash” add 10 immigrants. 
(5) Count remaining M&M’s for that generation. 
      Go to (1). 
 
DO NOT eat M&M’s until so instructed! 
At each iteration keep track of time (generation number) 
and number of M&M’s. 

Winkel, B. J. 2010. Population Modeling with M\&M's. International Journal of Mathematical 
Education in Science and Technology. 40(4): 554-558. 



What assumptions might you make about the individual M&M’s, the “action”,  
and the population?  What are relevant assumptions?  What are facts? 
 
 
 
 
 
 
 
 
 
 
What expectations do you have for the population as the generations go on? 
 
 

 
Let us collect some data on the “life and times” of M&M’s! 
 



Let us build a mathematical model (based on our assumptions) of the number 
of living M&M’s at generation n.  I will help out.  
 
Let y(n) = number of living M&M’s at generation n. 
 
y(0) =  
 
Could we just produce a formula for y(n)? 
 
 
Could we produce a relationship between one generation and the next? 
 
 
 
Answering the second question might produce an answer to the first question 
and this is what difference or differential equations is all about. – asking a 
question, a good question , and developing a strategy to get an answer. 



Difference equation model: 
 
y(n+1) =  
 
OR 
 
y(n+1) – y(n) =  
 
 
Differential equation model: 
 
y’(t) =  
 
 



Difference equation model: 
 
y(n+1) =  0.5 y(n) + 10 ,         y(0) = 50 
 
     OR 
 
y(n+1) – y(n) = -0.5 y(n) + 10,          y(0) = 50 
 
 
 
Differential equation model: 
 
y’(t) = -0.5 y(t) + 10 ,          y(0) = 50 
 
 



Solve the differential equation model: 
 
y’(t) = -0.5 y(t) + 10        y(0) = 50 
 
 



Solve the differential equation model: 
 
y’(t) = -0.5 y(t) + 10        y(0) = 50 
 
 



How does our model compare with our “reality” data? 

Here is a plot of our mathematical model based on assumptions: 
 
y(t) = 20 + 30  e -0.5 t . 



How long does it take an ant to build of tunnel of length x? 

Winkel, B. J. 1994. Ants, Tunnels, and Calculus: An Exercise in Mathematical Modeling.  
The Mathematics  Teacher. 87(4): 284-287. 

Assumptions: 



We define terms and build a mathematical model 
 
Let T(x) be the time it takes an ant to build a tunnel of length x. 
 
T(x+h) – T(x) =        



T(x) be the time it takes an ant to build a tunnel of length x. 
 
T’(x) = a x    ,   T(0) = 0 
 
Solve the differential equation. 
 
 
 
What does our model tell us about the answer to t his question? 
 
 
 
How is the time changed if we double the length of the tunnel? 



Kinetics of Chemical Reactions 
 
y(t) = mass at time t.    We have  for k, r > 0   y’(t) = - k y(t) r  
 
 

r =  0, 1, or 2 – zeroth, first, or second order. 
 
Solve each differential equation: 

 
r = 0        
 
r = 

 
 

r = 2 

Winkel, B. J. 2010. Parameter Estimates in  Differential Equation Models for  Chemical Kinetics.  
International Journal of Mathematical Education in Science and Technology. 42(1): 37-51. 



Kinetics of Chemical Reactions 
 
y(t) = mass at time t.    We have  for k, r > 0   y’(t) = - k y(t) r  
 
 

r =  0, 1, or 2 – zeroth, first, or second order. 
 
Solve each differential equation: 

 
r = 0      y(t) = - k t + c 
 
r = 1      ln(y(t)) =  - k t + c                    y(t) = y(0) e – k t  

 
 

r = 2     1/y(t) = k t - c                       y(t) = y(0)/(1 + y(0) k t). 
 

 
Chemists like the intermediate step as they can plot a 
function of their mass against time and see if it is linear. 







Winkel, B. J. 2012.  Modelling sublimation of carbon dioxide. International 
Journal of Mathematical Education in Science and Technology. 43(8) 1077-1085. 

Sublimation of carbon dioxide 
 
How long does it take for a “block” of dry ice or solid CO2 to sublimate? 
 
Let us produce a mathematical model for the rate of sublimation, i.e. 
 
m’(t) =  
 
 
where m(t) is the mass of the piece of dry ice. 
 
Assumptions? 
 
 



Apparatus and Oops! 



What might we expect r to be?   
 
 What might we try for r?  
 
  What is reasonable? 





We seek the value of k and r in  

Which will minimize the sum of square errors between our model 
prediction m(t) = m1(t) at time t = ti and our observation data, mi. 





Modeling Lysergic acid diethylamide (LSD) in the human body 

CP (0) = 12.2699, for originally LSD was 
injected at a concentration of 2,000 ng 
per kg of body mass for each subject and so 
we have an initial concentration in the 
plasma of12.2699 = 2000M/.163M1000 ng of 
LSD/kg of body mass. CT(0) = 0. 

Reference: Winkel, B. J. 2013. Browsing Your Way to Better Teaching. PRIMUS:  Problems, Resources, and 
Issues in Mathematics Undergraduate Studies. 23(3): 274-290. Original references in this paper. 





This is the formula for CT(t), the concentration 
 of  LSD   in the tissues as a function of time t. 









At what rate does a column of water fall with a small  
bore hole for water to exit at the bottom of the column?  

Based on the principle of Conservation of Energy for a small particle of water,  
namely the sum of Kinetic Energy and Potential Energy stays constant as the 
Particle falls we can derive Torricelli’s Law for the height, h(t), of such a column. 
 

Here A(h(t)) is the cross sectional area of the cylinder at height h(t), g is the 
acceleration due to gravity, a is the area of the small bore hole, and a is called the 
discharge or contraction coefficient.  Empirically a is about 0.70, namely the effective 
Discharge rate is about 70% of what it could be maximally. 



For a constant cross sectional cylinder of area A (h(t)) = p r2  
Torricelli’s Law 

may be realized as a simply differential equation: 
 

 ℎ′ 𝑡 = −𝑘 ℎ(𝑡) . 
 
Of course, without recourse to physics one might conjecture something  
Simpler, such as a linear “law” which would lead to exponential decay 
In the height, h(t). 
 

 ℎ′ 𝑡 = −𝑘 ℎ(𝑡) . 
 
We compare the models after the parameters have been determined by  
minimizing the sum of square errors. 
 







Tuned Mass Dampers    

Winkel, B. J. and K. Landry. 2008. Peak Frequency Responses and Tuned Mass Dampers--Exciting 
Applications of Systems of Differential Equations. The UMAP Journal. 29(1): 15-30. 

A Tuned Mass Damper (TMD) is a passive mechanical counterweight for a structure 
consisting of a moving mass (roughly 1–2% of the structure’s mass) which is usually 
placed in the upper portion of the structure. The purpose of the TMD is to reduce the 
effects of motion caused by wind or earthquake. 
 
The first uses of TMDs in the United States for large structures was in the John Hancock 
Building in Boston in 1977 and City Corp Center in New York in 1978. 
 
TMD’s are used in many, many structures and devices, including buildings and bridges, 
electric razors, rotating tools, surgery table platforms, etc. 
 
So what is a TMD?  Well it is just a system of two second order differential equations 
And a physical device to implement the results. 
 
TMD’s can be in the form of sliding slabs (HUGE) of concrete and steel, sloshing tanks of 
water, pendula, and more. 



Harmonic Oscillator, e.g., building or bridge OR oboe reed. 
1 𝑦′′ 𝑡 +  𝜔0

2𝑦 𝑡 = cos (𝜔 𝑡),   𝑦 0 = 𝑦0,   𝑦′ 0 =  𝑣0 
 
When 𝜔0 and 𝜔 are close we get beats,  
e.g. 𝜔0 = 3.0 and 𝜔 = 3.25  
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Thus if in 1 𝑦′′ 𝑡 +  𝜔0
2𝑦 𝑡 = cos (𝜔 𝑡),   𝑦 0 = 𝑦0,   𝑦′ 0 =  𝑣0 

We have 𝜔0 = 𝜔, i. e. the driver frequency is the same as the natural frequency 
of the system/structure, then we can have resonance and the system./structure 
can have giant and dangerous oscillations. For a building this can come from wind  
or earthquakes. What can we do to mitigate this danger? 
 
Differential equations comes to the rescue! 



Depiction of two masses for a structure – smaller mass on top. 
K (spring constant) is called stiffness and c is still called damping coefficient. 



Kin the simplified case where there is no damping (i.e. c = 0) then we 
might seek to control for resonance by adding a second  “tuned” mass. 



We now “drive” the larger mass with a force. . wind, earthquake 

If there is no second mass then we could have resonance. So we add a second 
smaller mass and we “tune” it so that its system has the same frequency as that  
of the larger mass. 
 

The natural frequency of our structure is  ω =  
𝑘1

𝑚1
 and of the added mass the 

frequency is 
𝑘2

𝑚2
.       Consider 𝑘1= 90 and 𝑚1 = 10 with 𝑘2= 0.90 and 𝑚1 = 0.10 . 

Then both spring systems have the same frequency, namely ω = 
90

10
 = 

0.9

0.1
  = 3. 



Now, by examining the solution of our system 

we can combine terms, simplify, and determine that the amplitude of the resulting 
oscillation of mass    is 

A picture is worth . . . . . How many words . . . . or equations? 



So  if we are willing to add more and more mass we get a wider “safe” region. 



Incidentally, if we go back to just our one mass system 

with a driving force 

How big a response (i.e. how big can amp(w) really be?   
 
We seek the maximum frequency response of amp(w). Again, a picture . . . .    




