
How would you model the length of time  
it takes an ant to build a horizontal tunnel  
of length x  into a cliff of moist sand? 



Inquiry-Based Learning Best Practices 
 

MathFest Summer 2013, 1050-1100,  
3 August 2013 CCC Rm 16,Hartford CT 

 
SIMIODE – Modeling with Differential 

Equations in Inquiry Mode 
 

PROF Emeritus, Mathematical Sciences, 
United States Military Academy 

West Point NY 10996 USA 
BrianWinkel@hvc.rr.com 

 
www.simiode.org  

  

mailto:BrianWinkel@hvc.rr.com
http://www.simiode.org/


We present an approach we have used for years in our own 
teaching and are creating as a web-based NSF developed HUB 
community of teachers and learners called  
      
    SIMIODE - Systemic Initiative for Modeling Investigations  
                        and Opportunities with Differential Equations.  
 

www.simiode.org  
 
We present and discuss examples of activities to enable students 
to develop mathematical modeling skills using differential 
equations while using technology throughout their learning and 
doing mathematics. 
 

We are about Learning-Based Inquiry . . . .  

http://www.simiode.org/


We are about Learning-Based Inquiry  in which 
Inquiry about a scenario drives student Learning. 
 
From student’s perspective it is Inquiry-Based Learning. 
 
From the teacher’s perspective it is Learning-Based Inquiry, for 
the teacher wants the student to discover a need for and a sense 
as to where the mathematics under study has its roots. Thus the 
Inquiry of modeling and effective use of technology drives Learning. 



How long does it take an ant to build a tunnel of length x? 

Winkel, B. J. 1994. Ants, Tunnels, and Calculus: An Exercise in Mathematical Modeling.  
The Mathematics  Teacher. 87(4): 284-287. 

Assumptions and Rationale: 



We define terms and build a mathematical model 
 
Let T(x) be the time it takes an ant to build a tunnel of length x. 
 
T(x+h) – T(x) =        



We define terms and build a mathematical model 
 
Let T(x) be the time it takes an ant to build a tunnel of length x. 
 
T(x+h) – T(x) =? a x + h  (why or why not?  If h = 0 . . . ) 
 

                 =? a x – h  (why or why not? If h = 0 . . .) 
  
                   =? a  xh  (why or why not? If h = 0 . . .) 
 

 
 

                 =? a x h  (why or why not? Well, why not?) 
              



T(x) is the time it takes an ant to build a tunnel of length x. 
 
From T(x+h) – T(x) = a x h we obtain a differential equation 
 
T’(x) = a x   ,   with sensible initial condition, T(0) = 0 
 
Solve the differential equation. 
 
 
 
What does our model tell us about the answer to t his question? 
 
 
 
How is the time changed if we double the length of the tunnel? 



T(x) is the time it takes an ant to build a tunnel of length x. 
 
From T(x+h) – T(x) = a x h we obtain a differential equation 
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T(x) =  a
𝑥2

2
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What does our model tell us about the answer to t his question? 
 
 
 
How is the time changed if we double the length of the tunnel? 



     “How long does it take an ant to build a tunnel?”   
 Through reasoned assumptions  on the rate of change  
 in the time it takes to build a tunnel of length x, i.e.,  
 the function T(x), we get the students to arrive at  
 T(x+ h) – T(x) = a x h .   
 
From there it is on to a differential equation when we  
divide by h and then a solution from which we ask  
reality check kinds of questions.   
 
Incidentally, along the way we may get T(x + h) – T(x) = a x +  h.   
Here we make lots of points as we question our model  
all the way through the process with issues like,  
 
 “Does the model work if x = 0 or if  h = ?” This is all by hand  
 and has not any data, although with an ant colony and  
 pheromones one could imagine collecting it.  
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The Inquiry,  
 
“How long does it take an ant to build a tunnel of length x?”  
 
has led to Learning  
 
(a) what differential equation is, 
(b) where it might come from, 
(c) how to solve a simple differential equation – calculus, and  
(d) how to interpret the solution. 

 
The Inquiry was set before the students SO THAT the Learning  
of (a) – (d) might occur, and perhaps even more, e.g., testing 
assumptions and what an initial value offers. 



M&M Population Simulation with Immigration 
 
      Count out 50 M&M’s form your “source” 
(1) Put them in the cup. 
(2) Gently toss them onto the plate. 
(3) Remove those M&M’s with “m” facing up – they die. 
(4) (Optional) From your “stash” add 10 immigrants. 
(5) Count remaining M&M’s for that generation. 
      Go to (1). 
 
DO NOT eat M&M’s until so instructed! 
At each iteration keep track of time (generation number) 
and number of M&M’s. 

Winkel, B. J. 2010. Population Modeling with M\&M's. International Journal of Mathematical 
Education in Science and Technology. 40(4): 554-558. 



What assumptions might you make about the individual M&M’s, the “action”,  
and the population?  What are relevant assumptions?  What are facts? 
 
 
 
 
 
 
 
 
 
 
What expectations do you have for the population as the generations go on? 
 
 

 
Let us collect some data on the “life and times” of M&M’s! 
 



Let us build a mathematical model (based on our assumptions) of the number 
of living M&M’s at generation n.  I will help out.  
 
Let y(n) = number of living M&M’s at generation n. 
 
y(0) =  
 
Could we just produce a formula for y(n)? 
 
 
Could we produce a relationship between one generation and the next? 
 
 
 
Answering the second question might produce an answer to the first question 
and this is what difference or differential equations is all about. – asking a 
question, a good question , and developing a strategy to get an answer. 



Difference equation model: 
 
y(n+1) =  
 
OR 
 
y(n+1) – y(n) =  
 
 
Differential equation model: 
 
y’(t) =  
 
 



Difference equation model: 
 
y(n+1) =  0.5 y(n) + 10 ,         y(0) = 50 
 
     OR 
 
y(n+1) – y(n) = -0.5 y(n) + 10,          y(0) = 50 
 
 
 
Differential equation model: 
 
y’(t) = -0.5 y(t) + 10 ,          y(0) = 50 
 
 



Solve the differential equation model: 
 
y’(t) = -0.5 y(t) + 10        y(0) = 50 
 
 



Solve the differential equation model: 
 
y’(t) = -0.5 y(t) + 10        y(0) = 50 
 
 



How does our model compare with our “reality” data? 

Here is a plot of our mathematical model based on assumptions: 
 
y(t) = 20 + 30  e -0.5 t . 



Winkel, B. J. 2012.  Modelling sublimation of carbon dioxide. International 
Journal of Mathematical Education in Science and Technology. 43(8) 1077-1085. 

Sublimation of carbon dioxide 
 
How long does it take for a “block” of dry ice or solid CO2 to sublimate? 
 
Let us produce a mathematical model for the rate of sublimation, i.e. 
 
m’(t) =  
 
 
where m(t) is the mass of the piece of dry ice. 
 
Assumptions? 
 
 



Apparatus and Oops! 



What might we expect r to be?   
 
 What might we try for r?  
 
  What is reasonable? 



We seek the value of k and r in  

which will minimize the sum of square errors between our model 
prediction m(t) = m1(t) at time t = ti and our observation data, mi. 







We collected data on the sublimation of a chunk of carbon 
dioxide and work with the students  to model the phenomenon 
with a differential equation for the mass at time t, m(t), as   
 
                                 m’(t) = - k m(t)r  
 
where the interest is in what r might be and mean.  
 
The discussion about what r might be is a good one, usually. 
 
We use Mathematica to fit the general solution to the data, thus 
estimating the parameters k and r.  
 
We then talk about why things “ain’t” perfect – although they 
are quite good.  



At what rate does a column of water fall with a small  
bore hole for water to exit at the bottom of the column?  

Based on the principle of Conservation of Energy for a small particle of water,  
namely the sum of Kinetic Energy and Potential Energy stays constant as the 
Particle falls we can derive Torricelli’s Law for the height, h(t), of such a column. 
 

Here A(h(t)) is the cross sectional area of the cylinder at height h(t), g is the 
acceleration due to gravity, a is the area of the small bore hole, and a is called the 
discharge or contraction coefficient.  Empirically a is about 0.70, namely the effective 
Discharge rate is about 70% of what it could be maximally. 



For a constant cross sectional cylinder of area A (h(t)) = p r2  
Torricelli’s Law   (using Conservation of Energy). 

may be realized as a simple differential equation: 
 

 ℎ′ 𝑡 = −𝑘 ℎ(𝑡) . 
 
Of course, without recourse to physics one might conjecture something  
simpler, such as a linear “law” which would lead to exponential decay 
In the height, h(t). 
 

 ℎ′ 𝑡 = −𝑘 ℎ(𝑡) . 
 
We compare the models after the parameters have been determined by  
minimizing the sum of square errors. 
 



Data can be collected at video of cylinder of water exiting small bore on YouTube! 
www.simiode.org  

http://www.simiode.org/




OR we could just play the  
                     “I don’t know. Who’s on first. What’s on second.”  
approach and conjecture just 
 
            h’(t) = - k h(t)r       with     h(0) = 12.5 
 
and see if we can fit for k and r.   Here is what we get,   
      k= 0.0101845 and r = 0.371881. 
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We are acting upon our conviction that  
 
Learning-Based Inquiry occurs when students are Learning 
mathematics (and modeling and use of technology and 
asking “what if” and living with data, etc.) through Inquiry 
into just what is at the heart of phenomena and then 
building a mathematical model to describe and better 
understand the phenomena. 
 
We are doing this through 
 
    SIMIODE - Systemic Initiative for Modeling Investigations  
                        and Opportunities with Differential Equations 
 
Consider joining us at www.simiode.org .  Thank you. 

http://www.simiode.org/

