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STATEMENT

We offer you the opportunity to build mathematical models which describe the temperature of hot

water in a beaker as it cools in a room environment of constant and then of nonconstant temperature.

Using both empirical and analytic models you will compare your results and decide which is best

model on criteria you select.

Data collection and data set

Figure 1 shows a set up for measuring the changing temperature of a beaker of water in a constant

temperature environment while Figure 2 shows the screen output for a typical data collection run

using Vernier’s LoggerPro software and a Stainless Steel Temperature Probe.

Table 1 offers the temperature of the water in the beaker at equal time intervals (sampled from

a larger dataset found in 1-31-CoolItData.xls) as collected by the probe. More data from this run

and from other runs are offered in the Excel file 1-31-CoolItData.xls.

Modeling opportunities

We ask you to build a mathematical model of the temperature of water in a beaker (in degrees

Fahrenheit) as a function of time (in minutes), i.e. T (t) is the temperature of the water in the

beaker in degrees Fahrenheit and t is time in minutes.

There are several approaches we can take in building a model:

• Empirical , in which we attempt to fit the data to some mathematical function, perhaps with

little or no understanding of the underlying physical phenomenon.

• Analytic, in which we attempt to offer assumptions about the underlying physical process which

would lead to a mathematical model.
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Figure 1. Shown is the apparatus used for collecting data on cooling of

water in a beaker. The beaker, containing 200 mL of tap water and the

Vernier stainless steel temperature probe are held in place on a stand. A room

thermometer sits at the lower right for room temperature corroboration.

The analytic approach is more desirable, as we are attempting to use our modeling skills to better

understand the phenomenon as well as mathematically predict the behavior of the phenomenon while

determining some significant physical parameters which have meaning. However, the empirical

model might serve predictive purposes and interpolating values not observed would be easy from

this model.

Empirical modeling

Let us examine some possible empirical models (see Table 2) and ask why we might question or

accept each one.

1. For each function model (in Table 2) for T (t) the temperature of the water in the beaker
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Time (min) Temp ◦F Time (min) Temp ◦F

0 104.69 50 82.78

5 100.41 55 81.69

10 97.53 60 80.69

15 94.83 65 79.73

20 92.38 70 78.89

25 90.41 75 78.06

30 88.37 80 77.31

35 86.81 85 76.72

40 85.34 90 76.10

45 84.00

Table 1. Sample of data from the temperature of water (200 mL) in

a beaker where the environmental temperature is a constant 72.0 ◦F.

Complete data set is found in the Excel file 1-31-CoolItData.xls.

in degrees Fahrenheit at time t in minutes offer a critique as to why the function might be

appropriate or might not be appropriate. Discuss your rationale for each of your critiques with

colleagues.

In fact, we could “slam” a polynomial through any set of data to actually “go through” each

data point. Consider this fact.

Given a set of n+1 observations S = {(ti, Ti)| no two ti
′s are the same, i = 1, 2, 3, . . . , n+1}

there is a unique polynomial of degree n which passes through each point of S, i.e. we can

uniquely determine numbers a0, a1, . . . , an such that Sn(t) =
∑n

i=0
ait

i = a0 + a1t + . . . antn.

2. Explain why this fact about “slamming polynomials” of sufficiently high enough degree through

any finite data set may not be good for modeling. See your second entry in Table 2, namely,

T (t) = a + bt + ct2, and your collective critiques.

Testing an empirical model against observed data

One needs to develop criteria for testing just how good a model is. First, one has to estimate

parameters in some manner and then compare the resulting model to the data.

3. Once you get a good empirical model with which you are comfortable, then ask yourself how will

you determine the parameters and test the model against the data? Discuss this and develop

some criteria for judging your model’s appropriateness for this data.

4. Develop your criteria and carry it out, determining your best empirical model of choice.
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Figure 2. Vernier Software data collection screen output. On the left

are the time and temperature observations with a plot on the right.

In this situation the room or environmental temperature is 70.3 ◦F

and the temperature of the water in the beaker is initially 104.7 ◦F.

Analytic modeling

One approach for analytic modeling is to try to understand all the mechanisms for heat loss, conduc-

tion, convection, and radiation, in great detail and build a model, perhaps even a stochastic model.

For the small atomic level actions are often stochastic, but collectively appear to be deterministic.

This is certainly too deep for us to consider now. However, we can make some assumptions about

how the temperature is changing.

5. Write down some things that you notice about the temperature, T (t), as time goes on. Next,

translate these observations into mathematical statements about the rate of change of the

temperature, T ′(t), as time goes on. It is from this latter activity that we will draw up a

reasoned differential equation model for T ′(t).

6. Consider the following candidates (see Table 3) for a differential equation model, i.e. an analytic

model, for T (t), the temperature of the water in the beaker at time t. Offer critiques as to why
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Function Model Critique

T (t) = a + bt

T (t) = a + bt + ct2

T (t) = a arctan(bt + c)

T (t) = aebt

T (t) = aebt + c

T (t) = a cos(bt + c) + d

Table 2. Some empirical models offered with critiques as to why

they may or may not be a good model for our phenomenon.

each may or may not be a good model for our phenomenon.

7. After completing the activity (6) you should have a differential equation model with some

parameters, parameters which have units and meaning. Be sure to determine the parameters’

units and try to offer significance or meaning to the parameters in your differential equation.

8. Finally, using the data in Table 1 use your criteria developed above to find best estimates of

your parameters, determine your final model, compare the model with the data, and offer your

observations on the process and result.

Cooling in a changing environment

We did several sessions to collect data on water cooling in our office environment using the apparatus

shown in Figure 1. Table 1 was one of our first runs. One morning we got up early and began another

data collection run. We had our trusty little room thermometer (see lower right side of Figure fig:1-

31-SetUp) and as we began to collect the data we noticed that the temperature of the room was

changing as well. It is a small room, the collector is a big person, the monitor is a large hot running

device, the heat was coming on, as the sun was rising. So we are not surprised that the heat was
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Function Model Critique

T ′(t) = a

T ′(t) = a + bt

T ′(t) = A

B+Ct

T ′(t) = k(T (t) − TEnv)

T ′(t) = −kT (t)

T ′(t) = Ae−kt

Table 3. Some analytic models offered with critiques as to why

they may or may not be a good model for our phenomenon.

rising in the room. In Table 4 we sample the time, temperature of the water, and temperature of

the room or environment

9. Model the temperature in the environment, TE(t), as a function of time, t.

10. Build a complete model for the rate of change of the temperature of the water (T (t)) in terms

of the temperature in the room (TE(t)), solve the model, estimate parameters in the model,

and validate your model by comparing its predictions to the data.
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Time (min) Temp Room ◦F Temp Water ◦F

0.0 103.1

5.0 58.3 99.

9.5 59.7 96.

15.0 61. 92.8

20.5 62.1 89.9

27.0 62.8 86.9

35.0 63.7 83.9

44.0 64.2 81.0

54.0 64.8 78.4

58.5 64.9 77.5

70.0 65.5 75.3

75. 65.7 74.6

80.0 65.8 73.8

88.5 66. 72.7

102.0 66.2 71.4

106.5 66.2 70.9

112.5 66.4 70.5

117.0 66.4 70.2

126. 66.6 69.7

130.5 66.7 69.4

139.5 66.7 69.0

Table 4. Sample of data from the temperature of water (200 mL) in a

beaker where the environmental temperature is changing. Complete

data set is found in the Excel file 1-31-CoolItData.xls.


